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Introduction
In the early 20th century, a revolution in the understanding of gravitation emerged via Einstein's [1] realization that the curvature of spacetime was a more fundamental description of gravity than Newton's view as a force between objects. The basic idea of Einstein's theory of General Relativity (GR) is geometry; massive bodies deform spacetime, and this deformation mediates body interactions. Or in the words of a GR pioneer, John A. Wheeler [2] : space-time tells matter how to move; matter tells space-time how to curve. GR has predicted and accounted for diverse phenomena such as precession of planetary orbits (e.g. Mercury), light bent by massive bodies (gravitational lensing), the expansion of the universe, gravitational waves, and black holes.
Although the idea behind GR has a simple beauty (spacetime geometry), the theory uses the tools of differential geometry (which have also been used to great effect in geometric control methods in robotics [3] ) and involves a complicated set of highly non-linear partial differential equations. Solutions to these equations representing a single black hole or an expanding universe have been known for many decades. But, it was not until the turn of the past century that solutions to the two-body problem in GR were obtained [4, 5] . The computational task of solving the equations of GR require techniques from numerical relativity and the use of the most powerful computer hardware available.
Another approach to studying GR phenomena takes the form of "analog" systems. Broadly, analogies provide new insights to physical phenomena and enable synergies among fields in science. GR has inspired and benefited from this philosophy: in the last decades, many GR analog models of gravity have been introduced (for recent reviews see [6, 7] ). The analog systems facilitate convenient laboratory study of GR-like phenomena [8] [9] [10] and can even provide new perspectives on the exotic concepts and phenomena inherent in Einstein's description.
While the majority of analog gravity models have been developed in fluid, condensed matter, and atomic systems, there exists a long history of mechanical analogs [11] [12] [13] [14] . Perhaps the most popular consists of objects rolling on a curved rigid or an elastic funnel-like surface as analogues of orbits of test particles around massive objects (e.g. black holes). Such systems are not optimal analogs for several reasons. First, Earth's gravity can dominate the dynamics such that the object only follows the spatial curvature of the substrate and friction leads to transient decaying orbits [12, 14] . More fundamentally, as Price [15] demonstrates, the dynamics of particles moving on curved surfaces under the influence of Earth's gravity recast as "splittable" space-times miss the manifestation of GR gravity.
In this paper, we develop a new robophysical [16] system which circumvents the above mechanical analog issues. Our setup consists of a self-propelled wheeled vehicle (or vehicles) driving on an elastic membrane. Combining experimental and theoretical analysis of the orbital dynamics of the robot orbiting a large central depression (which show analogous phenomena to those found in GR, namely precessing orbits), we establish a mapping between the dynamics of the single robot in physical space and geodesic dynamics of a test particle in a fiducial 2+1 curved space-time. The mapping explains a peculiarity of the observed orbits, namely that they display retrograde precession. Using insight from the mapping, we demonstrate how parameters in the system (e.g. robot mass) can be readily varied to create prograde precessing trajectories that better resemble orbits around massive bodies (e.g. black holes). In addition to forming a low cost accessible analog gravity system, we posit that ideas from GR and our system can aid robotics on surfaces with long range coupling via environment, for example water-walking robots [17, 18] as well as provide scientific insight into biological and physical active matter systems on deformable substrates [19] [20] [21] [22] [23] [24] [25] . Our analog gravity system opens the possibility for transferring tools from GR (e.g. differential geometry) to probe complex physical phenomena in the laboratory.
Results

Vehicle on a deformable substrate
The self-propelling robot (the "vehicle") has two rear wheels and one front spherical caster for stability. A critical ingredient of the vehicle is a differential [26] which allows independent rotation of the wheels upon different loading conditions. A differential consists of three shafts: one input and two outputs. The input is connected to DC motor that produces an approximately constant angular velocity due to the voltage regulator (without slippage) and outputs are connected to the wheels. The motor torque is transmitted to the output shafts through the gear that turns around the axis of the input shaft. The average speed of the two wheels is equal to the rotational speed of the DC motor. If the loading of the two wheels is equal, e.g. the vehicle is on level ground, both wheels turn at the same rate and the vehicle goes straight. If loading of one of the wheels increases (i.e. vehicle tilts) the corresponding wheel slows down and the opposite wheel speeds up, which results in turning motion around the slow wheel.
Experiments were performed on an four-way stretchable spandex fabric (stretches and recovers both width and lengthwise) [27] affixed unstretched to a circular metal frame with a radius of 1.2 m (see Fig. 1a) . A linear actuator attached to the center of the membrane warps the fabric from underneath to allow adjustable central depression of depth D with a cap (radius R = 5 cm) fastening the actuator to the fabric. A diagram of the experimental setup is given in Fig. 1b . The membrane has a measured axi-symmetry such that the standard deviation of the membrane height at each radius is less than 5% of the central depression magnitude D (see supplementary material).
Three aspects are important to understand in the dynamics of the vehicle on the membrane.
The first is that the robot dynamics are highly damped and inertia plays a minimal role: if the motor stops the vehicle rapidly comes to rest (within a second). Further, there is no "rolling down hill" as in the museum demos of GR which our system superficially resembles. The second aspect is that the differential in the vehicle allows it to turn dynamically according to the local curvature instead of simply following the spatial geodesics of the membrane (which leads to almost straight trajectories given the shallow depressions of the membrane [27]). The third important aspect is that, while the global shape of the membrane without the vehicle z(r) is important, due to the vehicle's mass, its local environment deviates from the "bare" shape of the membrane, introducing an additional local deformation of the membrane. This results in a vehicle tilting to an angle γ (between the normal of the vehicle surface andẑ) depending on the vehicle's radial position in membrane as depicted in Fig. 1b .
Orbital trajectories
We use the radius r and azimuthal angle ϕ to describe the trajectory of the robot. To reduce the redundant counting of the same trajectories shifted by just an azimuthal angle due to the axi-symmetry, we further use the space spanned by the radius and heading angle θ (the angle between the radial direction and the velocity. See Fig. 2b ) to exhibit the trajectories. Certain initial conditions (a particular radius r 0 = r c and heading θ 0 ≈ 90
• ) developed immediate circular orbits (Fig. 2a) . However, for a majority of (r 0 , θ 0 ), steady-state trajectories of the vehicle consisted of retrograde precessing ellipse-like orbits about the central depression; that is, the maximum radius of the orbit does not return to the same azimuthal position but instead lags behind. Such dynamics can persist for many orbits until the vehicle leaves the steady-state as either slowly increasing or decreasing the eccentricity. In the former case, the vehicle ultimately crashed into the central cap or escaped to the boundary. In the latter case, the precession decayed
into an approximately circular orbit with a critical r c radius depending on the central depression
D.
From the analysis of the vehicle mechanism and dynamics, we attribute these "escapes" to slight mechanical imperfections in the mass distribution in the vehicle, such as the deviation of the center of mass from the center-line, ∆B. The eccentricity evolves over orbits with a factor e − ϕ/2 where connects to the imperfection with a form =
c +∆B 2 so that the life of the steady state stays longer when the imperfection is smaller [27] . Here L c is the distance between the wheel axle and the center of mass, and R is the radius of the vehicle. Ideally, a perfect car with ∆B = 0 makes e − ϕ/2 always 1 that the orbit stays in the steady state forever. The sign of ∆B determines if the eccentricity will expand or decay.
For bounded steady-state trajectories with the half-lives of eccentricity longer than 5 revolutions, we measured average precession |∆ϕ prec | as a function of initial conditions by evaluating the change in angular location of consecutive apoapsides or periapsides (e.g. between periapsis 1 and 2 in Fig. 2b) . A map of this is shown in Fig.2c . Since all the points sampled from a trajec-tory share a constant precession angle, each point's (r, θ) can be mapped as an effective initial condition in the trajectory's r-θ space. Including these initial conditions, the map reveals that the precession is minimal when the vehicle is initiated at a particular radius r c (≈ 60 cm when the central depression D = 13.9 cm) and heading of 90 • ; |∆ϕ prec | increased as initial conditions deviate from this region. However, r 0 is restricted to the range 0.2 m ≤ r 0 ≤ 1.1 m to exclude the central cap in the membrane and to avoid starting the vehicle too close to the outer ring.
Initial headings which pointed approximately towards or away from central depression did not achieve significant orbit. That is, for θ 0 < 30
• the vehicle collided with the outer boundary and for θ 0 > 150
• the vehicle crashed into the central cap.
Vehicle dynamics
The vehicle's trajectories superficially resemble orbits of low mass objects orbiting large central masses in GR, specifically geodesics obtained in the Schwarzschild solution to Einstein's equations. Despite the obvious differences between our robophysical system and relativistic phenomena (e.g. retrograde orbits displayed in our system, opposed to the prograde ones like for the planet Mercury [28, 29] , it is interesting to ask whether there exists a map that recasts the dynamics of the vehicle in physical space into that of geodesic motion in a fiducial space-time.
To model the vehicle dynamics, one approach would be to solve the complicated problem of the vehicle deforming the elastic sheet which then redirects the vehicle's motion. However, we take a different approach and first introduce a minimal phenomenological model.
To construct this model, we note that the vehicle moves at a constant speed v on the membrane. Therefore, the velocity v and acceleration a are orthogonal (i.e. a · v = 0). In polar coordinates r and ϕ, this implies that Ψ 2 a r v r + r 2 a ϕ v ϕ = 0. The function Ψ takes into ac-count that the motion of the vehicle is constrained to the surface of the membrane and is given by Ψ 2 = 1 + z 2 , with z(r) the shape of the membrane (equivalent to the height of the vehicle's surface minus the vehicle height) and primes denoting differentiation with respect to r. Therefore, the components of the acceleration become:
with dots denoting differentiation with respect to t.
Our experiments reveal that, to a good approximation, the vehicle's acceleration is given by a = k sin θ where k is a function of r only (Fig. 3a,b) . From an analysis of how the differential gear mechanism (Fig.1c) causes the constant-speed vehicle to pivot when moving on a local slope with the vehicle's tilt angle γ, we found that k = C g sin γ cos γ with g Earth's gravity. The prefactor C is a mechanical constant related to the structure of the vehicle as
where L c ≈ 1 cm is the distance between the wheel axle and the center of mass, and R = 5 cm is the radius of the vehicle. The theoretical value for C from the model is approximately 0.074, while the experimental fit (Fig. 3d) gives a value of 0.073 ± 0.001 [27].
The model yields good agreement with experiments over a range of v = 0.20 − 0.32 m/s. The essential ingredient of the model is that the differential mechanism ensures torque balance on both wheels. In addition, the friction on the caster is negligible compared to other contact forces (see Fig. 1d for force diagram). The model indicates k = a/ sin θ should be the same for any θ for a well balanced vehicle. The experimentally measured result shows a slight dependence on heading angle θ (Fig. 3c) . The slight dependence on heading angle can be understood as weight imbalance, characterized by ∆B. Introduction of this bias into the analysis returns a correction in the form of a bias / sin θ = k · (∆B/L c ) cot θ. It vanishes when θ = π/2 or ∆B = 0 (perfectly balanced vehicle).
Mapping to space-time geodesics
The essential ingredients that makes our self-propelled system display GR-like dynamics are:
1) the ability of the robot to deform the local environment and 2) a mechanism (in our case the caster and differential) which changes the direction of vehicle motion as a consequence of the local tilt of the vehicle. These two ingredients are reflected in our system in k, which is governed by the deformations of the membrane and in θ, the heading angle of the vehicle. When both are taken together, they embody the direct coupling between the vehicle and its environment.
Inspired by the resemblance of the robot paths to the orbital trajectories of test particles (i.e.
particles that do not influence the gravitational field) around a non-spinning (Schwarzschild) black hole, we envisioned the possibility that the dynamics of the robot could be recast or mapped into geodesic motion (the motion of a test particle) in a fiducial space-time. Given the axi-symmetry of the experiment, we propose a fiducial space-time metric of the form
with α = α(r), Φ = Φ(r), and Ψ 2 = 1 + z 2 as before. With the metric (3), the geodesic equations take the following form:
Notice that the l.h.s. of Eqs. (4) and (5) are the components of the acceleration, a ϕ and a r respectively, in Eqs. (1) and (2). Thus, comparing the r.h.s. of these equations yields the following relationships between the metric functions α and Φ in terms of the speed of the robot and k:
where K(r) ≡ r 0 k(s)Ψ(s)ds (see the supplement [27] for details). The constants of integration were chosen such that when k = 0, the metric is flat. The quantity E is a constant of motion (energy) associated with the fact that the metric is time-independent. The other constant of motion is L (angular momentum) associated with the metric ϕ-symmetry.
As with the Schwarzschild solution, we can use the normalization of space-time velocity to investigate the type of orbits. In terms of the constants of motion E and L, this condition
This expression can be rewritten in the following suggestive form: E = 1 2 mṙ 2 + V , with
we have defined ≡ L/E. With the help of Eqs. (6) and (7), this effective potential reads
Note that the energy and angular momentum enter through the ratio = L/E, which can be calculated from the initial conditions since = Φ 2 r 2φ /α 2 [27]. use the subscript ± to denote a quantity evaluated at the turning points. Circular orbits occur when the minimum of the potential matches E. The minimum is found from V = 0 and is
We note that remarkably, the self-propulsion (active) aspects of our system mitigate the dissipative, non-metric gravity sources, and most fundamentally avoids the "splittable" spacetime situation (i.e. α = 1) [15] that has prevented mechanical systems [30] from capturing gravity as Einstein envisioned [1] .
Analysis of orbital precession dynamics
With the effective potential discovered from the mapping scheme, we can now explain the dependence of orbital precession on initial conditions and system parameters. To begin, we approximate Ψ ≈ 1 and introduce the definitions of E and L to eliminateṙ in E = 1 2
Next, we apply the change of variable u = /r, and differentiate with respect to ϕ and get
As noted above, for circular orbits
. Perturbing Eq. (11) about a circular orbit, i.e. u = u c + δu, we get
Thus, δu ∝ cos (ω ϕ) with ω 2 ≡ 1 + r c k c /k c , and the perturbative solution to Eq. (11) is consistent with our observation that the magnitude of the apsidal precession (∆ϕ prec < 0)
decreases as the radius of the orbits approaches the radius of the circular orbit r c .
We now reexamine the dependence of precession angle ∆ϕ prec on initial conditions ( Fig. 2c) in the mapping framework. We now can see that contours of constant color correspond to trajectories with the same . And notably, the precession angle decreases as the orbits become more circular, with ∆ϕ prec = −π r c k c /k c for the circular orbit. Fig. 5a shows ∆ϕ prec as a function of r 0 for initial heading angle θ 0 = 90
• with both the experimental data and the solution to Eq. (10). The minimum precession angle occurs for circular orbits. Again motivated by the Schwarzschild solution, for which ∆ϕ prec = 6πG
is the latus rectum. The semi major-axis and the eccentricity can be evaluated using the minimum and maximum radii: a = (r max + r min )/2, e = (r max − r min )/(r max + r min ). Fig. 5b shows ∆ϕ prec as function of the inverse of the angular momentum 1/ ∝ 1/ √ l. While the trend is qualitatively similar to the Schwarzschild's solution connecting precession and eccentricity, in our metric, precession is never small and is not linear.
Generating GR-like prograde precessing orbits
As a consequence of k > 0, our system generates retrograde orbits such that the vehicle's precession is opposite to that of GR in common situations. With our mapping, it is straightforward to understand how to obtain more GR-like prograde precession: we must change the sign of the slope of k so that k < 0 over a significant range of the vehicle trajectory. Because k is connected to the tilting angle γ, we can achieve the desired change by increasing the tension of the membrane or decreasing the mass of the vehicle to enable the vehicle to more closely track the imposed membrane shape. 
Multi-robot dynamics via substrate-mediated interactions
Given our success in mapping the dynamics of the robot in a "fixed" background to that of geodesics in a "fixed" fiducial space-time, it is natural to ask if such a mapping could be extended to the case of multi-robot dynamics such that each robot carries its own depression field.
That is can we capture a situation in which each robot affects the environment (i.e. the fidu- To quantify the membrane-mediated differences in dynamics, we measured the Euclidean distance between the vehicles, |r 1 − r 2 |, as a function of time. We find that capture time is reduced as the mass of the leading vehicle was increased ( vehicle. The distance evaluated from these two independent trajectories shows a non-decaying trend that differs from the cases with both vehicles on the membrane (dashed line in (Fig.7c) .
Adaptive speed control based on local vehicle tilt
As the distance between the two vehicles decreases, each 'feels' the membrane-induced deformation of the other more strongly and the tilt of both vehicles increases. We therefore hypothesized that we could alter collisions with a closed-loop controller. We added an IMU to the leading vehicle (Fig.8a) and implemented an adaptive speed controller that increased the speed of the leading vehicle as its measured tilt angle γ, the angle of inclination from the gravity vector, increased in response to larger substrate deformations. Specifically, the speed of the leading vehicle was defined to be
where A sets the strength of the coupling between the leading vehicle and the local membrane deformation (Fig.8b) .
We varied A from 0 (no control; constant speed) to 8 (speed sensitive to tilt angle) to probe the effects of the speed-tilt coupling strength on potential collisions with the trailing vehicle. increased and eventually became larger than 2R, indicating that the vehicles did not collide or escaped (Fig.8f) . We note that the trajectory of the uncontrolled vehicle ended prematurely when a collision occurred; therefore, we fit it with an ellipse centered at the uncontrolled car to extrapolate the margin b.
Discussion and conclusion
This paper introduced methods from General Relativity (GR) to study the movement of a vehicle driving on a deformable substrate, thus creating a path toward a robotic analog gravity system. Inspired by GR's coupling of space-time curvature and matter in motion, we first studied the dynamics of a self-propelled vehicle orbiting a central depression in a deformable elastic membrane. Based on orbital phenomena typically observed in GR (precessing orbits)
we find that we could recast the propulsion problem as geodesics of a test particle in a fiducial space-time. That is, the important dynamical entity was no longer just the vehicle reacting to membrane forces, but a coupled entity which acts as a "test particle" in a curved space-time, a laboratory realization of the GR notion. Despite the intrinsic driven-damped dynamics of the system, the mapping helps us to understand features of the vehicle-membrane dynamics as a function of certain parameters such as the precession's dependence on heading angle, initial position, speed, mass etc. This insight allowed us to change system parameters (car mass) to more closely mimic GR orbits (changing from retrograde to prograde).
The results obtained from the single-vehicle orbiting around the static mass encouraged us to design a control scheme for the multi-body system that coupled with each other via the substrate. The local tilt of a vehicle caused by the presence of masses nearby and its own mass is used to control the speed of the vehicle. The speed control allows us to promote or avoid the collision of two self-propelled particles without modifying the mass. While we did not carry the program forward to develop our mapping to explain these results, we expect that the mapping that we have introduced can be applied to more general situations since its main ingredients are to connect the shape of the surface with the spatial part of the metric and absorb the dynamics of the self-propelled vehicle in the definition of time.
The relative simplicity and flexibility in construction and programming (including of multiple robots which influence each other solely via metric distortions [2] ) might mitigate the difficulties in working with existing fluid, condensed matter, and atomic analog gravity systems (e.g. [6] [7] [8] [9] [10] ). We expect that advances in membrane design and robot control could facilitate robotics in analog gravity. As a concrete example, it is possible to modify the setup of our robot orbiting a single depression and obtain paths that in the fiducial spacetime are exactly geodesics of a Schwarzschild black hole. To do this, one needs an additional degree of freedom, allowing the car's speed to depend on the radial distance. With that choice, it is possible to fix k and v in such a way that the metric functions in the fiducial spacetime are those of Schwarzschild in isotropic coordinates:
and Φ 2 = (1 + M/2r) 4 with M the mass of the fiducial black hole (see Supplement for details). We expect that more sophisticated sensing and control could lead to experimental realization of such dynamics.
Finally, the GR perspective of analyzing locomotion on deformable substrates could provide potential tools to the robotic studies [31] [32] [33] [34] [35] of a broad class of physical [21, 22] systems that are capable of traversing complex, heterogeneous environments with static and dynamic structures by coupling their motion with the environment. Insights from our study could help control the motion of self-propelled objects in complex environments that contain multiple, physically interacting bodies without collision. Practically, we believe that our system and framework can adaptable and scalable to understand the dynamics of wide range of mechanical and biological systems that modify their local environments significantly during locomotion. Examples include macroscopic robots and insects walking on water surfaces [36] [37] [38] [39] , rover movement on granular substrates [40] , and microscopic cell motility on deformable surface [41, 42] . In addition, the findings of our study can assist in the design of controllers for biohybrid systems aimed at preventing unwanted cell accumulation such as cancer metastasis [43] or promoting the movement of bacteria to deliver drugs [44] [45] [46] , in which the interaction with the substrate is important.
Materials and Methods
Vehicle Uncontrolled Vehicle
The 3D printed self-propelling differential drive vehicle has a mass of ∼160 g and diameter of 
Controlled Vehicle
The controlled car has the same mechanical structure as the uncontrolled car. An IMU (SparkFun 9DoF IMU Breakout -LSM9DS1) is mounted on top of the robot. We control the speed of the DC motor by controlling the input voltage to the motor using Pulse Width Modulation (PWM) signal. The motor control module includes Particle Photon microcontroller and Adafruit DRV8833 DC motor driver breakout board. The speed of the motor is adjusted as a function of the tilt angle (γ, the angle of inclination from the gravity vector). The relation is given in Fig.8b . The tilt angle is calculated as follows;
where a is the measured acceleration.
Substrate preparation
Experimental setup consists of a trampoline (d = 2.5m, DICK'S Sporting Goods) covered with a 4-way stretchable spandex fabric (Rose Brand, 120" Spandex, NFR). 4-way stretchable refers to the fact that the strain-stress response in two perpendicular directions are the same, which provides maximum homogeneity.
We adjusted the tension of the fabric homogeneously and then fixed the fabric to the metal frame using custom created holes and magnets. This adjustment allowed us to perform all the experiments under the same surface conditions. However, because we fixed the fabric manually, 
Precession angle evaluation
The position and orientation of the IR reflective markers on the robot are recorded with a motion capture system consisting of five Optitrack Flex 13 cameras with a resolution of 1.3 MP/mm 2 .
A diagram of the experimental setup is shown in Fig.1 of the main text.
Concerned of the transient change and possible membrane defects that have shows up in the azimuthal every 2π, we evaluate the precession by fitting the trajectory to the following model for each trajectory:
This model includes the precession (A 2 cos (ω prec ϕ + ϕ 2 )), the transient factor (e −ϕ/τ , cause shown in section "Orbital trajectories".), and the membrane defect (A 1 cos (ϕ + ϕ 1 )), which has a period 2π. For a perfect trajectory made by a perfect vehicle, τ = ∞, A 1 = 0.
We seek the best (r c , A 1 , ϕ 1 , A 2 , ϕ 2 , ω prec , τ ) that minimizes the least square error between the model and experiment data.
fminsearch provided by MATLAB is used to do the minimization.
The superposition of the precession signal with period 2π − |∆ϕ prec | and the signal from membrane axial anisotropy with period 2π also explains slight modulations caused by the beating phenomena in the orbits.
Space-time mapping
The geodesic equations for the metric (3) read
with λ as an affine parameter. From Eqs. (16) and (17), we have that α , the geodesic equations can be rewritten as
We recall that the equations of motion of the vehicle arë
Equating the right hand sides of Eqs. (19) and (20) with those of (21) and (22) respectively
which after integration one gets
where
After imposing that when k = 0 the metric becomes flat, the constants of integration are given by 1/C 2 = C 1 = −1/(v 2 E 2 ), and one finally arrives at
Robot with radial depending speed
As mentioned in the Discussion and Conclusion section, in order to be able to build a setup in which the robot follows the geodesics of the Schwarzschild spacetime, we need to relax the constant speed condition for the robot and allow for a speed depending on the radius, v = v(r).
For simplicity, we also set Ψ ≈ 1, so the metric takes the form
As a consequence, Eqs. (1) and (2), becomë
Comparing as before the r.h.s. of these equations with the r.h.s. of Eqs. (4) and (5), one gets light vehicle heavy vehicle 
Vehicle dynamics
The dynamics of the vehicle on an incline with slope γ, which is a localized representation of substrate under the vehicle helps explain the acceleration's dependence on the heading θ and local tilting angle γ in experiments. On the incline, we denote the direction along the gravity as and the direction perpendicular to it as ⊥ so that the acceleration from the gravity field is
Considering this incline as a localized picture of the vehicle's immediate substrate, here⊥ direction stands for theφ andˆ direction stands for ther.
Since the friction on the rolling caster is much smaller than the other friction forces, the vehicle rotates about the middle point of the wheel axis, M . The torque about M consists of the frictions on the two wheels and the caster, as well as the gravity component in the plane.
Since the two wheels are connected to a differential drive, the torques generated by the friction parallel to the wheel f L , f R are of same magnitude and opposite signs and therefore cancelled out (reference). The torques generated by the friction perpendicular to the wheel are zero since the forces pass through M .
The non-zero torques left with us are the one generated by the gravity component in the plane and the friction from the caster f c : 
where we approximate I vehicle = 1 2 mR 2 with R being the radius of the vehicle since the mass distribution is quite homogeneous. Therefore the magnitude of the acceleration of the center of mass is
For the ideal case that the center of mass is not biased to the left or right so that B 1 = B 2 , the acceleration is
When θ = π/2 and f c being very small since this is a rolling friction, the acceleration projected onto the horizontal plane is
Plug in the actual number in the experiment R = 5 cm, L c ≈ 1 cm,
which is quite close to the experimental measurement
In reality, there is always a small bias between B 1 and B 2 , this small correction from the CoM (center of mass) offset that breaks the symmetry of acceleration with respect to the heading gives the attraction to the circular orbit and will is discussed in section .
This bias is
(B 2 − B 1 ) can be measured by weighing the normal force on the left and right
where N L , N R are the normal forces on the two wheels and L w = 6 cm. For an imbalance 
when driving close to the radial direction θ = 0, 90
• which is about 40 % of the maximum magnitude of the acceleration in the system.
Attraction to circular orbit
The transient behavior of some trajectories that decay into circular orbits can be explained by the asymmetry of the acceleration with respect to the heading due to the slight asymmetry in the mechanical structure. Ideally, when |a| is symmetric about θ = π/2, the precession is stable.
When a small perturbation is introduced to break this symmetry, the orbit will be attracted to the circular orbit. Here we suppose |a| is given by 
0. Let r = r c + ρ where ρ is the perturbation and r c is the radius of the circular orbit that k(r c ) = v 2 /r c . After discarding the O(ρ 2 ) terms, the differential equation is reduced to 1 1 The correction in ρ is:
The solution to this damped oscillator gives the solution as
with an exponentially decaying envelope with a half-life 2 log 2/ that decreases with the extent of bias of the vehicle towards the left to right. The larger the imperfection is, the faster the trajectory is attracted a circular orbit. The simulation using a perturbation with = 0.043
shows good agreement with the transient orbit we see in the experiment (see Fig.S2 ).
On the other hand, when the vehicle has an acceleration bias towards the orbit direction, will be negative, then ρ will expand and leads the orbit to either crash to the center or escape from the membrane. From this example with counterclockwise trajectory, we see that the orbit is attracted to a circular orbit when ∝ (B 2 − B 1 ) > 0, that is when the CoM is biased to the left wheel.
In conclusion, a counterclockwise(clockwise) orbit will get attracted to a circular orbit when the CoM is biased to the left(right) while the eccentricity increases to escape or crash when the CoM is biased to the right(left).
Fixing the constants in the space-time mapping
Here we use two conditions to determine the constants. 
With the above summed up, we have
(64b)
Maximum value of effective angular momentum
The value of effective angular momentum is bounded (Fig.S3) by a maximum.
Here we try to find the r 0 that maximize the .
The optimal r 0 is r c such that k(r c ) = v 2 /r c . 
Membrane shape
Ideally, the height of the membrane at a particular radius should be the same for any azimuthal angle in terms of the axis symmetry. To understand how the membrane deviates from the ideal, the variation of this height is evaluated with the data taken from the optic tracking cameras for three different central depressions. The variation is found to be smaller than 5% of the central depression.
Supplementary movies
Movie S1: a typical precessing orbit A video of a robot car driving on an elastic membrane with a central depression of 9.6 cm.
Instantaneous velocity and radius (r) are marked with red and green arrows, respectively. The heading angle is the angle between the velocity and radius. The trajectory in radius-heading space is shown simultaneously during the locomotion. Color bar represents the time. The tracking shows that the apsis of the orbit is rotating in the opposite direction of the orbit. 
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Movie S3: a typical prograde precession
The lighter vehicle's orbit undergoes a prograde precession, i.e. the vehicle and the periapsis rotate clockwise. The mass of the vehicle is about one quarter the mass of the vehicle used in Movie S1 and S2. As predicted by the theory, the radial attraction k(r) is decreasing with r in the magnitude.
Movie S4: Deformation-induced merger
In the first video, both panel shows the trajectories of two vehicles moving on the membrane at the same time. The comparison is made regarding the mass ratio between the two vehicles:
when the leading vehicle is heavy enough (m 21 = 1.37), the two vehicles eventually merge while the m 21 = 1.00 fails to merge. In the second video, the video on the right panel shows the virtual superimposition of independent runs of the two cars with the same mass ratio as the left panel to show that the substrate-mediated interaction is indeed making the two vehicles interact. 
